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Apparent Mass of Parafoils with Spanwise Camber

Timothy M. Barrows¤

Charles Stark Draper Laboratory, Inc., Cambridge, Massachusetts 01239

For an arbitrarily shaped body, there may be more than one center of apparent mass. The apparent mass of
a parafoil shape for motions along various axes is computed using potential � ow analysis. From this, the 6 £ £ 6
apparentmass matrix aboutsome reference point is computed.Parametric forms for estimating the terms are given.
The existence of multiple mass centers results in off-diagonalterms in this matrix that couple the translationaland
rotational motions. It is shown how the nondiagonal6 £ £ 6 apparent inertia matrix about a certain reference point
can be used to compute the corresponding apparent mass matrix at any other reference point. Dynamic equations
including nonlinear terms are presented.

Nomenclature
Aoa = apparent inertia matrix about O
AoR = real mass inertia matrix about O
AR = aspect ratio
aab = vector to a from b
b = span
c = chord
D = a£

r o C a£
pr S2

en = elementary unit vector along axis n
f = force
faero = aerodynamic force
fa nl = apparent mass nonlinear force
fe = external (nonaerodynamic) force
fR nl = real mass nonlinear force
g = torque
h = arch height, Fig. 5
ho = angular momentum about O
h¤ = h=b
I = principle axis inertia matrix, Eq. (17)
l = identity matrix
Jo = inertia matrix about O, rotational part
K = Bateman coef� cient
kA , kB = three-dimensionalcorrection factors
l = perimeter of maximum cross section normal to � ow
M = apparent inertia matrix, translationalpart
m ii = scalar component of M
m R = solid mass plus enclosed air mass
O = origin of coordinate frame, Fig. 2
p = linear momentum vector
pR = momentum of the real mass
pt = total momentum
Q = S2a£

pr Ma£
r o

R = radius of parafoil, Fig. 5
r = vector from the origin O to the center of real mass
S = planform area
Sn = selection matrix, Eq. (14)
T = kinetic energy
t = wing thickness ratio
vo = velocity of point O
! = angular velocity
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Subscripts

a = apparent mass or inertia
c = con� uence point
cen = centroid
f = � at (uncambered) wing
MC = motion center
nl = nonlinear
o = origin of coordinate frame, Fig. 2.
p = pitch center
R = real mass or inertia
r = roll center

Introduction

A PARAFOIL is a very light structure that is strongly in� uenced
by the apparent mass effects of the surrounding air. The sub-

ject is discussed by Lissaman and Brown,1 who model the parafoil
as an ellipsoid. Brown2 provides a discussion of the increasing ef-
fect of apparent mass on parafoil turning performance as the scale
gets larger. The theoretical basis for the notion of apparent mass is
provided by Lamb.3 A more recent derivation using modern termi-
nology is given in Ref. 4. Thomasson5 provides a general analysis
in which the � uid medium may have velocity gradients or acceler-
ations.

Although it is tangential to the dynamics of the parafoil, note
that there is a substantial body of literature on the apparent mass
of cuppedparachutes.Yavuz6 provides some discussionof previous
literature,alongwith experimentaldatashowingthat a potential� ow
analysisdoes not provide accurateestimates of the apparentmass of
a cupped parachute because of the large amount of separated � ow.
In Refs. 7–11 there is additional background. Another, indirectly
related article, is that by Ioselevskii,12 who computes lift, drag, and
side force on an arched wing using lifting line theory.

The Charles Stark Draper Laboratory, Inc., conductedan investi-
gationsponsoredby theU.S. Army Natick Laboratoryona Precision
Guidance Airdrop System using ram-air parafoils. As part of this
program, � ight tests were conducted at NASA Dryden Flight Re-
search Center. An engineering simulation was also implemented at
CharlesStark Draper Laboratory,Inc., that includesparafoiland en-
vironmentmodels. In the processof comparingsimulationresults to
parafoil� ightdata, it was determinedthat existingattempts to model
parafoil apparent mass effects using an ellipsoid must be modi� ed
to reproduce the correct turning dynamics. That is the motivation
for the present study.

The problem is identifying the center of mass. Almost all stud-
ies of apparent mass effects focus on either an ellipsoid, a two-
dimensional shape, or an axisymmetric body. An ellipsoid enjoys
the virtue of having three planes of symmetry and a geometric cen-
troid that is at the intersection of all three planes. A single center
of apparent mass can, therefore, be found that is, not surprisingly,
at the centroid. Similarly, when there is axisymmetry, the center of
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Fig. 1 Parafoil of zero thickness, front view.

apparent mass must lie along the centerline, and it turns out that in
this case a single apparent mass center can also be found that is at
the volumetric centroid. In the more general case, it may not be pos-
sible to � nd a single point at which the rotational and translational
motions are decoupled.

One property of the center of mass is that, for rotation about this
point, there is less resistance to rotationalacceleration,that is, lower
moment of inertia, than for rotationabout any other � xed point.Con-
sider the hypotheticalparafoil shown in Fig. 1, consistingof a wing
of zero thickness with circular arc spanwise camber. The con� u-
ence point of the support lines is at the center of the circular arc.
If this wing rolls about the con� uence point, it will not cause any
disturbance to the surrounding � uid, because of the lack of thick-
ness. The apparent moment of inertia is, thus, zero, which must be
a minimum because negative moments of inertia are physically im-
possible. Thus, the con� uence point is the center of apparent mass
for rotation about the x axis: However, if we rotate about an axis
parallel to the y axis and the wing does not have any chordwise
camber, the center of apparent mass is not at the con� uence point
but at some higher point, closer to the wing. In fact, if it is further
hypothesized that the chordwise camber is negative, it is even pos-
sible for the center to be above the wing for rotation about an axis
parallel to the y axis. The conclusion is inescapable that this wing
has at least two centers, one for rotation in the y– z plane and one
for rotation in the x –z plane.

The present paper examines the case in which there are only two
planes of symmetry, such that the parafoil has lateral symmetry and
fore-and-aftsymmetry, but the top half is not the same as the bottom
half. Therefore, for each of the three axes of motion, what we have
been calling the center must lie somewhere on the intersection of
the two planes of symmetry.

Lamb3 states the following:

The instantaneous motion of the body at any instant consists,
by a well-known theorem of Kinematics, of a twist about a certain
screw : : : There are therefore three permanent screw-motions such
that the corresponding impulsive wrench in each case reduces to
a couple only. The axes of these three screws are mutually at right
angles, but do not in general intersect.

To modern ears, the language he uses may sound as torturous as the
image it creates, but if the words “axes : : : mutually at right angles,
[which] do not in general intersect”are extracted, it can be seen that
this is the same idea as multiple centers. In the general case, with
no symmetry, we can only de� ne the principal axes, and there is no
obvious way to designate a unique point on any axis as a center. In
fact, identifying a center is not absolutely necessary, but is only a
mathematical convenience.

The purpose of the present paper is to determine simple formulas
for � nding the various centers in the case of � nite thickness and to
describe practical means of computing the effect of apparent mass
for a typical parafoil.

Notation
In what follows, severalcoordinatesystems with differentorigins

are utilized, but all such systems have the same orientation, that is,
their axes are parallel to the axes of the parafoil.Thus, when a vector
is written as a columnmatrix, there is never any questionas to how to

translate the vector into three components.This permits us to write
everything as a matrix. Lower case bold represents a 3 £ 1 column
matrix. We use a system of notation established by Hughes13 for
the cross product. For any column matrix v, the superscript cross
represents the cross product matrix:

v£ D

2

4
0 ¡v3 v2

v3 0 ¡v1

¡v2 v1 0

3

5

The subscripts 1, 2, and 3 are associated with the x , y, and z axes,
respectively. Hughes13 also uses a convention that I represents the
moment of inertiaof a bodyabout its centerof mass and J represents
the moment of inertia about some other point. We follow a similar
convention.Finally,we follow the conventionestablishedby Lamb3

that the density is left out of the equations given herein. These
equationsmust be multipliedby density to obtain the dimensionally
correct apparent masses and moments of inertia.

Analysis
For parachute dynamic analysis, it is rarely convenient to make

the center of the equations of motion (EOM) the same as one of the
centers of apparent mass. A more suitable point may be the center
of solid mass. This point has the virtue of being independent of
the density of the air, which may be important if there is a desire
to simulate a descent through a large change in altitude. If the
payload/parachutesystemis modeledusing two-bodydynamics, the
attachment between the bodies may be the most appropriate EOM
center. The result is that there are three points of interest, namely,
the roll center, the pitch center, and the EOM as shown in Fig. 2.
The subscripts r , p, and o are used to designate these points.

Let M be the translational part of the apparent inertia matrix:

M ´

2

4
m11 0 0

0 m22 0

0 0 m33

3

5 (1)

For a body such as a parafoil with lateral symmetry there are at
most two off-diagonal terms, in the 13 and 31 positions, that must
be equal because it is known that M is symmetric. Because M is
also positive de� nite, it is always possible to choose the orientation
of the coordinate frame such that M becomes diagonal, as shown.
Let the subscript MC designate the motion center and de� ne

aMC;o D vector to MC fromO (2)

The phrase momentum of the � ow is used herein, even though in a
strict sense this is indeterminate.As discussed in Refs. 1 and 3, the
integral of pressuresover the body leads to variations in momentum
that are analogous to the way momentum changes for a solid body.
The linear momentum p of the � ow may be written

p D M
¡
vo C !£aMC;o

¢
(3)

Different apparent mass effects are obtained depending on the axis
of motion. For the momentum in the x direction MC D p must be

Fig. 2 Side view of a parafoil, shifted origin.
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substituted, and for the momentum in the y direction MC D r must
be substituted.Thus, using scalar components of p,

p1 D m11.vo1 C !2apo3 ¡ !3apo2/

p2 D m22.vo2 C !3ar o1 ¡ !1aro3/

p3 D m33.vo3 C !1ar o2 ¡ !2aro1/ (4)

where r has been arbitrarily chosen in the third equation, although
choosing the subscript p gives the same result. This can be shown
by invoking lateral symmetry, which requires

apo2 D ar o2 D 0 (5)

and then using fore-and-aft symmetry, which requires

aro1 D apo1 (6)

Using Eq. (5) in Eq. (4) produces

p1 D m11.vo1 C !2apo3/ (7)

p2 D m22.vo2 C !3ar o1 ¡ !1aro3/ (8)

p3 D m33.vo3 ¡ !2aro1/ (9)

from which it is evident that using the subscript p in Eq. (9) would
not cause any change.These three equations may be combined into
the matrix form

p D M
¡
vo ¡ a£

r o! ¡ a£
pr !2

¢
(10)

where

!2 ´ [ 0 !2 0 ]T (11)

This form is justi� ed from the observation that apr is in the z direc-
tion and !2 is in the y direction, so that the last term is purely in the
x direction.Thus, including this term reproducesEq. (7), but has no
effect on Eqs. (8) or (9). An equally valid expression is obtained by
swapping p for r and 1 for 2:

p D M
¡
vo ¡ a£

po! ¡ a£
r p!1

¢
(12)

Using elementary unit vectors, !2 can be formed via

!2 D e2eT
2 ! (13)

De� ne

Sn ´ eneT
n (14)

Thus, for example,

S2 D

2

4
0 0 0

0 1 0

0 0 0

3

5 (15)

Sn is a selectionmatrix. It selectscomponentn of any vectorand sets
theother two componentsto zero.The matrix formof themomentum
becomes, using Eq. (10),

p D M
¡
vo ¡ a£

ro! ¡ a£
pr S2!

¢
(16)

Turningnow to the angularmomentum, the three axes of the “per-
manent screw-motions”de� ned by Lamb3 are, in fact, the principal
axes. De� ne

I ´

2

4
I11 0 0

0 I22 0

0 0 I33

3

5 (17)

where Inn is the moment of inertia about principal axis n. The axes
of the coordinate system must be parallel to these principal axes.

The origin O is not part of the de� nition of I and may be located
anywhere in the plane of lateral symmetry. Both the roll principal
axis and the yaw principal axis must lie in this plane. It is convenient
to designate the point where they intersect as both the roll center
and the yaw center. An equally valid approach that is used herein
is that the roll center is the point along the yaw axis through which
the axis of roll rotation must pass if the roll inertia is to assume its
minimum value. The pitch center is at the intersection of the pitch
principal axis and the plane of lateral symmetry. To summarize, I11

will be the value of roll inertia about the roll center, and I22 will
be the value of pitch inertia about the pitch center. Thus, there is
no single reference position for which the rotational inertia matrix
equals I.

For the simple model analyzed herein, the yaw principal axis
coincides with the intersection of two planes of symmetry, and so
there is no dif� culty determining the location or orientation of the
principal axes. Without this second plane of symmetry, this issue
would have to be addressed.

A straightforwardderivationof a valid expression for the angular
momentum proved to be elusive.The most understandableapproach
is the one actually used by the author; namely, to write down an
expressionbasedonwhatwe expectfor a rigidbodyand then modify
this to achieve consistency with all requirements. In this vein, the
angular momentum about the roll center is a good starting point. If
the origin is at r , then ar o D 0 and vo D vr . Equation (16) becomes

p D Mvr ¡ Ma£
pr S2! D

£
M ¡Ma£

pr S2

¤ µ
vr

!

¶
(18)

The angular momentum about r for a rigid body would be

hr D I! C a£
pr p (19)

By substitution from Eq. (18) and rearrangement,

hr D a£
pr Mvr C I! ¡ a£

pr Ma£
pr S2! (20)

The middle term is correct, and the last term gives a proper account-
ing for some additional angular momentum being induced when
there is a pitching motion, but there is a problem with the � rst term.
The vector apr only has a z component. Let us represent this scalar
value by apr . Then

a£
pr Mvr D

2

4
0 ¡apr 0

apr 0 0

0 0 0

3

5

2

4
m11vr1

m22vr2

m33vr3

3

5 D

2

4
¡apr m22vr 2

apr m11vr1

0

3

5

The y component of this product is correct because there is pitch
angular momentum about r associated with vr1 . However, the x
component should be zero. To correct this problem, the � rst term in
Eq. (20) is premultiplied by S2:

hr D S2a£
pr Mvr C I! ¡ a£

pr Ma£
pr S2! (21)

Note that now the factor multiplyingvr is the transpose of the factor
multiplying ! in Eq. (18).

What happens if the origin is not at r , but at point O in the x –z
plane? Translation to the new origin can be accomplished using

vr D vo ¡ a£
r o! (22)

and

ho D hr C a£
r o p (23)

The analysis proceeds by substituting Eq. (22) into Eq. (21) and
using the result plus Eq. (16) in Eq. (23). Along the way it is useful
to form the combination Q ´ S2a£

pr Ma£
r o. The result is

ho D
¡
S2a£

pr C a£
r o

¢
Mvo C Jo! (24)

where

Jo ´ I ¡ a£
r oMa£

ro ¡ a£
pr Ma£

pr S2 ¡ Q ¡ QT (25)
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is the inertia matrix about point O . The equationsmay be combined
in the form

µ
p

ho

¶
D Ao

µ
vo

!

¶
(26)

where the 6 £ 6 apparent mass matrix is

Ao D

"
M ¡M

¡
a£

ro C a£
pr S2

¢

¡
S2a£

pr C a£
ro

¢
M Jo

#
(27)

If the origin lies on the line connecting p and r , the results simplify.
In that case, apo , apr , and aro have the � rst two components equal
to zero. Let apo , apr , and aro , respectively, be the scalar values of
the third components.Then Jo becomes diagonalwith the following
values:

Jo11 D I11 C a2
rom22

Jo22 D I22 C a2
rom11 C a2

pr m11 C 2apr arom11

Jo22 D I22 C a2
pom11; Jo33 D I33 (28)

The apparent mass matrix becomes

Ao D

2

66666664

m11 0 0 0 ¡m11apo 0

0 m22 0 m22aro 0 0

0 0 m33 0 0 0

0 m22aro 0 Jo11 0 0

¡m11apo 0 0 0 Jo22 0

0 0 0 0 0 Jo33

3

77777775

(29)

Apparent Mass Terms for a Flat Wing
The � at wing shown in Fig. 3 was analyzed using the panel code

VSAERO.14 This was modeled using 1600 panels for the main por-
tion plus 160 panels for each tip. A cross section taken in a plane
y D constant is an ellipse. A cross section in a plane x D constant
shows each wing tip as a semicircle. This wing has the following
properties:AR D 3, b D 3, c D 1, and t D 0.15.

Because c D 1, the chord is the reference length. VSAERO pro-
vides results in the form of force and moment coef� cients CFX,
CFY, CFZ, CMX, CMY, CMZ, for accelerations in translation and
rotation along three axes, for a total of 36 coef� cients. These must
be multiplied by various combinations of the wing dimensions ac-
cording to the user’s manual to get the actual values of apparent
mass and inertia.

Lissaman and Brown1 haveprovidedparametricequationsfor the
apparent mass terms. It is appropriate to begin by examining their
formulas for a � at wing. (The term � at is used to mean no spanwise
camber.) These are based on the following well-known result for a
two-dimensionalellipse:

M2D D ¼b

µ
s2

y 0

0 s2
x

¶
(30)

where sx and sy are the semi-axes in the x and y directions and b
is the length perpendicularto the plane of the ellipse. Note that, for
motion parallel to x or y, the apparent mass depends only on the
width of the ellipse perpendicularto the directionof motion. In both

Fig. 3 Flat wing analyzed using the panel code VSAERO.

cases, it is equal to the mass of air enclosed within a cylinderwhose
diameter is this width.

Three-dimensional correction factors are applied to Eq. (30)
based on an unpublished work by Adkins. The essence of the ap-
proach is to model the � ow as that over a comparablespheroid.The
derivation goes back to Bateman,15 who recommended the follow-
ing for the kinetic energy of the � ow:

T D 4
3
K½S2V 2=l (31)

where S is the largest area normal to the � ow and l is its perime-
ter. The parameter K is the linear Bateman coef� cient, which is a
function of the geometry. The apparent mass is obtained from

m D 2T=V 2 (32)

Bateman15 supplies values for K as a function of � neness ratio of
the spheroid. For motion in the x direction, the wing is modeled as
an oblate spheroid, moving edge on. For motion in the y direction,
the wing is modeled as a prolate spheroid with its axis of rotation
aligned in the y direction.For motion in the z direction,Adkins � nds
(unpublished) that for an elliptic wing of suf� ciently large aspect
ratio, strip theory gives agreement with the solution for an elliptic
disk supplied by Lamb. Adkins concludes that strip theory can be
used for planforms other than elliptical, as long as the result is put
in the form of Bateman.15 To do this for rectangular wings, Adkins
puts (33) into the form

m D 4
3
K½Sc[b=.l=2/] D 4

3
K½Sc[AR=.AR C 1/] (33)

and then chooses the value K D 3¼=16.The ratio of the semiperime-
ter (l=2) to the span is known as the Jones edge velocity correction
(see Ref. 16).

The resultsquotedby Lissaman and Brown1 follow.The subscript
f denotes � at:

m f 11 D kA¼.t 2b=4/ (34)

m f 22 D kB ¼.t 2c=4/ (35)

m f 33 D [AR=.1 C AR/]¼.c2b=4/ (36)

I f 11 D 0:055[AR=.1 C AR/]bS2 (37)

I f 22 D 0:0308[AR=.1 C AR/]c3 S (38)

I f 33 D 0:055b3t2 (39)

According to Ref. 1, these numeric constants are only valid near
AR D 3. Here, kA and kB are correctionfactors for three-dimensional
effects, which can be related to K . For the m f 11 and m f 22 terms,
these factors multiply the volume of a cylinder of the appropriate
length and diameter. The value given in Ref. 1 are kA D 0.85 and
kB D 0.339. The very low value of kB is justi� ed by the statement
that, “We expect that there will be strong three-dimensionaleffects,
the aspect ratio being low in the side-slip direction.. . .” However,
the aspect ratio in the side-slip direction is c=t D 6.67, which is
actually quite high. It is hard to understand why the three-
dimensional correction should be smaller than the factor
AR=.1 C AR/ for m f 33 .

A numerical study of m f 22 for various shapes was undertaken
using VSAERO. De� ning

kB ´ 4m f 22

¯
¼ t 2c (40)

the following results were obtained: kB D 0.33, ellipsoid with axis
ratio3 to 1 to 0.15;kB D 1.00,wingwith ellipsoidalendcaps (Fig. 3);
kB D 1.24, wing with � at end caps.

Thus, the value of kB is fairly sensitive to the details of the tip
shape. Lissaman and Brown1 state that “the value of k in each case
shouldbe close to, but below,unity.” The precedingresultsshow that
this is not necessarilytrue because it is possiblethat the increasedue
to bluntness is greater than the decrease due to three-dimensional
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Table 1 Panel code values vs
approximation, � at wing

Term VSAERO Approximation Equation

m f 11 0.0466 0.0449 (35)
m f 22 0.0176 0.0177 (36)
m f 33 1.94 1.77 (37)
I f 11 1.041 1.11 (38)
I f 22 0.0646 0.0693 (39)
I f 33 0.0257 0.0334 (40)

Fig. 4 Wing of Fig. 3 with spanwise camber.

effects. By the use of kA D 0.85 and kB D 1.0, numerical results for
all six terms are shown in Table 1.

As can be seen, the approximationformulasgive values that agree
within about 10% with the panel code, except for the last term (the
yaw term).

Estimating Apparent Mass with Spanwise Camber
A parafoil shape was generatedby taking the aforementioned� at

wing and adding spanwise camber or arch as shown in Figs. 4 and 5.
The parameters t and c are the same as before. The referencecenter
(point O ) was set at the con� uence point. The arch is described by

R D 2:5 chords (41)

2 D 0:611 rad .35 deg/ (42)

When an allowanceis made for the ellipsoidalend caps at each wing
tip, the span of this wing is almost exactly 3. Lissaman and Brown1

describe the arch in terms the dimension h (which they call a/, and
the ratio h¤ D h=b. This is approximated by

h¤ D
R.1 ¡ cos2/

2R sin 2
»D

2

4
(43)

When there is spanwise camber, the terms aro and apo must be
estimated, in addition to correcting the six diagonal terms of A. It
seems reasonable that the pitch center is at the centroid of the arc.
The location of the centroid in the reference frame is (Fig. 5)

apc D §

R
2

¡2
R2 cos µ dµ

R 2

¡2
R dµ

D §
R sin 2

2
(44)

The subscriptc designates the con� uence point and the notationapc

should be read as the location of the pitch center relative to c. This
is a � xed parameter of the canopy, as opposed to apo , which varies
according to the location of point O . The correct sign depends on
whether the positive z axis of the reference frame is de� ned as up
or down.

To compute arc , a few conjectures are necessary.For roll motion
about the con� uencepoint, it can be expectedthat therewill be some
� ow disturbance due to thickness at the left tip and a mirror-image
disturbanceat the right tip.Not much is happeningin themiddle.The
samekindof � ow will occurfor the � at wing in thecaseof translation
in the y direction. Therefore, the forces required to accelerate the
� ow will be the same. This leads to the � rst conjecture:

Jc11 D R2m f 22 (45)

where it is emphasized that this is a relationshipbetween a � at wing
with lateral motion and an arched wing rolling about its con� uence

Fig. 5 Front view of arched parafoil.

point c. The VSAERO resultscon� rm this equation to threedecimal
places.

The second conjecture is that the roll inertia for motion about the
centroid is not affected by arch or thickness. This is in line with
the procedureused by Lissaman and Brown.1 In discussing the roll
inertia, they state that “We make no correction for thickness or arch
effect.”1 In mathematical terms, this becomes

Jcen11 D I f 11 (46)

where a � at wing is now being compared to an arched wing rotating
about the centroid of its arc. J is used for the arched wing because
its centroid is not at its roll center, and I is used for the � at wing,
which is rolling about its roll center.

Let the reference point move up or down by a distance z, and
de� ne

Nz ´ z=apc (47)

Note that this eliminates any sign ambiguity; Nz will be positive
when the reference point is above the con� uence point, even if the
positive z axis is down. The third conjecture is that the roll inertia is
composedof a thicknesseffect and a normal motion effect. Imagine
a segment of the arc that is short enough to be approximated by a
line. Normal motion is de� ned as any motion normal to this line.
There is no normal motion effect when the reference point is at the
con� uence point .Nz D 0/ and no thickness effect when the reference
point is at the centroid .Nz D 1/. We express this as follows:

J11 D .Nz ¡ 1/2 R2m f 22 C Nz2 I f 11 (48)

where the � rst term is the thickness effect and the second term is
the normal motion effect. This equation has been crafted to agree
with both Eqs. (45) and (46) and to avoid negative contributions
from either term. It is a straightforwardmatter to set the derivative
of this expression to zero to � nd the value of Nz correspondingto the
minimum roll inertia:

Nzmin D
R2m f 22

R2m f 22 C I f 11

(49)

This gives the location of the roll center. Equation (48) can be used
to obtain

arc D zmin D
apcm f 22

m f 22 C I f 11

¯
R2

(50)

The next step is to correct the six diagonal terms of A. Following
Ref. 1, the m11 term can be obtained from Eq. (34) by using the arc
length of the wing instead of the horizontal span. We � rst approxi-
mate the ratio (arc length/b) in terms of 2 and then use Eq. (43) to
get

m11 D kA

£
1 C

¡
8
3

¢
h¤2

¤
¼.t 2b=4/ (51)

To compute the sideslip term m22, it is reasoned that in the limit
as z ! 1 the parallel axis theorem gives

J11 ! z2m22
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whereas Eq. (48) gives

J11 ! z2
¡
R2m f 22 C I f 11

¢¯
a2

pc

thus

m22 D
¡
R2m f 22 C I f 11

¢¯
a2

pc (52)

If the VSAERO values from Table 1 are inserted into this expres-
sion, the error is less than 2%.

The correction in Ref. 1 for the combined effect of arch and
thickness on m33 is very small and may be of the wrong sign. The
VSAERO results indicate that the arched span has a value of m33,
which is less than, rather than greater than, that for the � at span.
The difference between � at and arched is only 2%, which may be
within the range of accuracy of the numerical results. It seems a
contradiction to state that m33 depends on the amount of arch but
that Jcen11 does not, and so Eq. (36) should be accepted unchanged
for an arched span.

The roll inertia about the roll center is obtained by substituting
Nzmin D arc=apc into Eq. (48) and simplifying

I11 D
¡
a2

pr

¯
a2

pc

¢
R2m f 22 C

¡
a2

rc

¯
a2

pc

¢
I f 11 (53)

There is no corresponding inertia term from Ref. 1. The variation
of roll inertia with R=b is shown in Fig. 6. The minimum value of
R=b plotted in this graph, 1/2, corresponds to the extreme case of a
semicircularwing (not realistic for a parafoil).

The arch and thickness correction in Ref. 1 for I22 is truly minis-
cule and can be ignored.Thus, thepitch inertiaabout the pitch center
is

I22 D I f 22 (54)

Finally, we have the yaw term. In Ref. 1 the followingexpression
is suggested:

I33 D 0:055.1 C 8h¤2/b3t2 (55)

This happens to agree rather well with the VSAERO results for the
present set of parameters, which may be fortuitous because poor
agreement was obtained from this same expression for the case of
a � at wing. Note that this is the smallest rotational inertia term, and
even though the approximationmay not be as accurate if the param-
eters are changed, this term is likely to be small compared to the
yaw inertia from the combined effect of the solid mass term and the
enclosed air mass. Thus, improvements to the yaw approximation
are probably not necessary.

Comparisons of all of these formulas with numerical results are
shown in Table 2. The parameters apc and arc were obtained from
the numerical results by observing from Eq. (29) that if the origin
O is the con� uence point c; then

apc D ¡Ac15=Ac11 (56)

ar c D Ac24=Ac22 (57)

These ratios give the centers in terms of the reference length (the
chord).

Fig. 6 Roll inertia about the roll center vs radius to span ratio, AR = 3

Table 2 Panel code values vs approximation,
arched wing

Term VSAERO Approximation Equation

m11 0.0503 0.0478 (52)
m22 0.206 0.221 (53)
m33 1.90 1.77 (37)
I11 0.104 0.100 (54)
I22 0.0624 0.0693 (39)
I33 0.0379 0.0395 (56)
apc 2.38 2.35 (57), (45)
arc 0.172 0.215 (58), (51)

Dynamic Equations
The most illuminating approach to the dynamic equations is to

include the real mass, in addition to the apparent mass. Thus, a
subscripta is attached to the apparentmomenta and inertia matrices
to distinguish them from the real mass terms:

p ! pa ; ho ! hoa

M ! Ma ; Ao ! Aoa

Then we can write

Ppt D PpR C Ppa D faero C fe C fR nl C fa nl (58)

Theaerodynamicforce term faero is the forcederivedfromtraditional
coef� cients and stability derivatives. For normal parafoil analyses,
theonlyexternalforce is thatdue to gravity,whichmust be expressed
in the body frame.

The nonlinear aerodynamic forces are those due to products of
the motion variables ! and vo . They arise from exactly the same
considerations as their real mass, that is, rigid-body, counterparts.
They may appear unfamiliar because normally the real mass equa-
tions are only seen after several steps of simpli� cation, steps that
can not be applied to the aerodynamic nonlinearities.A derivation
of the rigid-body equations using the present notation appears in
Ref. 13. The terms real mass and solid mass are not identical, the
difference being the enclosed air mass. The inertia matrix for the
real mass is

AoR D
µ

m R l ¡m Rr£

m R r£ JoR

¶
(59)

where l is the 3 £ 3 identitymatrix. This expressionwhen expanded
becomes the same as Eq. (9) of Thomasson.5 The nonlinear forces
are, using Eq. (16) for pa and Eq. (59) plus the analog of Eq. (26)
for pR ,

fR nl D !£pR D !£m R.vo ¡ r£!/ (60)

fa nl D !£pa D !£Ma.vo ¡ D!/ (61)

where D D a£
ro C a£

pr S2. Note that D is not skew symmetric and
can not be written as the cross product of any vector. The angular
momentum about O shows a similar development. With g torque
and the same subscripts used as for p,

Phot D PhoR C Phoa D gaero C ge C gR nl C ga nl (62)

gR nl D ¡v£
o pR ¡ !£hoR (63)

ga nl D ¡v£
o pa ¡ !£hoa (64)

The angular momentum hoa is obtained from Eq. (24), and hoR is
obtained from Eq. (59),

gR nl D ¡v£
o m R.vo ¡ r£!/ ¡ !£m R r£vo ¡ !£JoR ! (65)

ga nl D ¡v£
o Ma.vo ¡ D!/ C !£MaDT vo ¡ !£Joa! (66)

The � rst terms in both of these expressions can be deleted, for dif-
ferent reasons. In the case of the real mass, v£

o m R vo is zero because
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it is the cross product of parallel vectors. In the case of the apparent
mass,v£

o Mavo is a steady-stateterm thatwill normallybe includedas
part of the aerodynamic torque gaero, and it must be deleted from the
preceding expression to avoid double counting. For the real mass,
the second and third terms may be consolidatedusing a well-known
identityfor the triple vectorproduct.Cautionmust be exercisedwith
the remaining terms for the apparentmass because it is possible that
they, too, are included as part of gaero. If the dynamic derivatives
such as roll damping are obtained from simple theories, such as
strip theory, then there is no such inclusion. On the other hand,
a sophisticated computational � uid dynamics program for produc-
ing dynamic derivatives might include these apparent mass effects.
Reference 1 has an example showing how m33 may be part of the
dynamic derivative CL P® . One approach to separating the effects is
to con� ne faero and gaero to be the forces and torques that either arise
from vorticity or can be measured in a wind tunnel.

The � nal forms of the nonlinear torque terms become

gR nl D m Rr£v£
o ! ¡ !£JoR! (67)

ga nl D v£
o MaD! C !£MaDT vo ¡ !£Joa! (68)

The dynamic equations become, using Eqs. (27) and (59)
µ

Pvo

P!

¶
D [AoR C Aoa ]¡1

µ
faero C fe C fR nl C fa nl

gaero C ge C gR nl C ga nl

¶
(69)

The motion variables vo and ! can be integrated in this form. The
conversion of these variables into aerodynamic variables such as
angle of attack and sideslip is given in many texts, for example,
Ref. 17.

Conclusions
The notion is well-establishedthat the kinetic energy of the � uid

surrounding a body makes this body behave as if it has additional
apparentmass and an apparent moment of inertia with three princi-
pal axes. If there is a plane of symmetry, it turns out to be useful to
carry this arti� ce a bit further and postulate that the three principal
axes of motion each have a center in this plane. These centers have
similaritiesto, and differencesfrom, the centerof mass that we asso-
ciate with a rigidbody.No singlecenter can be found that eliminates
couplingbetween rotationand translation.Some modi� cationof the
usual matrix–vector technique for rigid-body dynamics is required
to cope with this situation. The present system of notation allows
an easy manipulationof the nonlinear torque terms and avoids what
would be a very tedious derivation if done in expanded form.

For parachuteroll motions about a pointnear the con� uencepoint
of the suspensionlines, the effect of the apparent roll inertia may be
greatly reduced by spanwise camber. The authors of Ref. 1, using a
wing model with no spanwise camber (a � at wing), concluded that
the apparent roll inertia may be as much as � ve times the solid mass
roll inertia. The present analysis concludes that the roll inertia of a
cambered wing about the roll center may be as small as 0.1 of the
correspondingvalue for a � at wing (Table 1 vs Table 2). The result
is that the roll acceleration is much greater than expected from a
� at-wing model. Steady-state turn rates may also be altered from
the � at-wing results, but not as dramatically.

A fully populated apparent inertia matrix has 36 terms, of which
only 21 are distinct because it must be symmetric. If the body has
both lateral and fore-and-aft symmetry, there are only eight funda-

mental parameters of apparent inertia, as given in Table 2. Given
these parameters, for any particular locationof the origin the appar-
ent inertia matrix can be computed using Eqs. (25–27).

The presentpaper is based entirelyon potential � ow analysis,and
no account has been taken of the manner in which the presence of
vortices may alter the kinetic energy of the � ow.

Whoever stated that a little bit of knowledge is a dangerous thing
could have had apparent mass in mind. Lesson number one on the
subject is usually that the apparent mass of a circular cylinder is
equal to the massof the � uid displacedby the cylinder,which creates
the impression that apparent mass is proportional to volume. This
initial lesson has prompted at least one parafoil researcher to use the
mass of the enclosed air as a substitute for the diagonal terms of M.
This impression is corrected by lesson number two, the elliptical
cylinder, which teaches us that the dimension in the streamwise
direction is irrelevant and that only the dimension perpendicular to
the stream matters. This in turn is corrected when we move beyond
two-dimensional� ow to axisymmetric� ow and learn that a disc has
greater apparent mass than a sphere of the same radius. Thus, if the
� ow is three-dimensional, stretching things out in the streamwise
direction can cause a decrease in the apparent mass. However, this
is not complete. Going back to two-dimensional � ow, we � nd that
stretchinga circularcylinder into an oval with semicircularendswill
increase the apparent mass. No doubt the next researcher will � nd
an example to further re� ne whatever impression one might glean
from that.
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